LANDAU'S THEOREM FOR POLYHARMONIC MAPPINGS 
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Abstract. In this paper, we first investigate coefficient estimates for bounded 
polyharmonic mappings in the unit disk D. Then, we obtain two versions of 
Landau's theorem for polyharmonics mapping F, and for the mappings of the 
type L(F), where L is the differential operator of Abdulhadi, Abu Muhanna and 
Khuri. Examples and numerical estimates are given. 



1. Introduction and preliminaries 

A 2p (p > 1) times continuously differentiable complex- valued mapping F = u+iv 
in a domain D C C is said to be polyharmonic (or p-harmonic) if F satisfies the 
polyharmonic equation A P F = A(A P_1 F) = 0, where A := A 1 is the usual complex 
Laplacian operator 

d 2 d 2 d 2 
A = 4 := 1 . 

dzdz dx 2 dy 2 

Obviously, for p — 1 (resp. p = 2), we obtain the usual class of harmonic (resp. 
biharmonic) mappings. The reader is referred to [HI El E2] for discussion on bihar- 
monic and polyharmonic mappings, and [T2], Q3] for the general theory of harmonic 
mappings. 

The biharmonic equation arises from certain problems in physics, in particular, 
fluid dynamics and elasticity theory. This equation also has important applications 
in engineering and biology (cf. [121 H3, EH])- The classes of biharmonic and poly- 
harmonic mappings can be understood as natural generalizations of the class of 
harmonic mappings. However, the investigation of these mappings in the geometric 
function theory has been started only recently (cf. [H [21 El El El El EH ITT]). 

Let 3 r = {z : \z\ < r} (r > 0), and denote by D the unit disk Di. The classical 
theorem of Landau states that if / is analytic in D, with /(0) = /'(0) — 1 = and 
\f(z)\ < M for some M > 1, then / is univalent in the disk D p with 

1 

P = ; > 0. 

M + VM 2 - 1 

In addition, the range /(D p ) contains a disk of radius Mp 2 (cf. [1]). Recently, there 
has been a number of articles dealing with Landau's theorem for planar harmonic 
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mappings, see, for example, [U El El ESI E5], and for biharmonic mappings, see 

PQEl EJUS]. 

In this paper, we study coefficient estimates for certain classes of polyharmonic 
mappings. Our goal is to prove Landau type results for these mappings. The main 
results are Theorems [H |2] and El which are presented in Section [3j Theorem [1] is a 
generalization of [201 Lemma 2.3], Theorem [2] is a generalization of [51 Theorem 2] 
and Theorem |3] is a generalization of [3 Theorem 1.1]. 

2. Preliminaries 

If D is a simply connected domain, then it is easy to see that a mapping F is 
polyharmonic if and only if F has the following representation: 

F(z) = Y J \A 2(k ~ l) Gk(z), 
it=i 

where each Gk is a complex- valued harmonic mapping in D for k £ {1, • • • ,p} (cf. 
[HI 122] )• It is known (cf. [TJl E]) that the mappings Gk can be expressed as the 
form 

Gk = hk + gk 

for k e {1, • ■ • where all hk and gk are analytic in D. In this paper, we consider 
the polyharmonic mappings in D. 

For a polyharmonic mapping F in D, we use the following standard notations: 

X F (z) = o minjF 2 (z) + e~™ F^z)\ = \\F z {z)\ - \F Y {z% 

A F (z) = max \F z (z) + e~ 2W F z (z)\ = \F z (z)\ + \F z (z)\. 
o<e<2w 

Thus, for a sense-preserving polyharmonic mapping F, one has Jf{z) = Af{z)Xf(z). 
We now recall some lemmas, which gives us some coefficient estimates. 

Lemma A. [2U Lemma 2.1] Suppose that f = h + g is a harmonic mapping of 
D with h(z) = Y^=i a nZ n an d g( z ) — Y^=i^nZ n for z G D. // Jf(0) = 1 and 
\f{z)\ < M, then 

(Lfj 



|, |6 n | < VM 2 - 1, n = 2,3,-- - , 
\a n \ + \b n \ < V2M 2 - 2, n = 2,3,---, 



and 

y/2 



ifl<M< 



Xf(0) > A(M) = { VM 2 - 1 + VM 2 + 1 - _ 2 v / 2^T6' 

7^ ^ M > ^far 



Lemma B. [SJ Lemma 1] Let f = h + g be a harmonic mapping of D snc/i 
\f(z)\ < M with h(z) = Y^=o a nZ n and g(z) = Yl^=i^nZ n ■ Then \a \ < M and for 
any n > 1, 

,, , 4M 

(1) On + Pn| < • 

7T 
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The estimate (PQ) is sharp. The extremal functions are f(z) = M or 

Jn{z) = arg 



7T \l-(3z r 
where \a\ = \(3\ = 1. 



Lemma C. [201 Lemma 2.3] Suppose that f = h + g is a harmonic mapping of the 

unit disk D with h(z) = Y^=o anZn an< ^ 9^ z ) = S^Li b n zn ■ 

(I) If f satisfies \ f(z)\ < M for all zeB, then 

oo 
n=2 

(II) Iff satisfies \ f(z)\ < M for all z G © and \J F (0)\ = 1, then 

' OO \ 2 

5](|a n | 2 + |6„,| 2 ) <VM^1-A F (0). 

vn=2 / 

(III) If f satisfies \ f(z)\ < M for all z G D and X F (0) = 1, then 

i 

' OO \ 2 

E(l a «| 2 + I 6 «| 2 ) < V2(M 2 - 1). 

v7l=2 / 



In [3], the authors considered the following differential operator L defined on the 
class of complex-valued C 1 functions: 

z _d__-d_ 

dz &z 

Clearly, L is a complex linear operator, and L satisfies the usual product rule: 

L(af + bg) = aL(f) + bL(g) and L(fg) = fL(g) + gL(f), 

where a, b are complex constants, and /, g are C 1 functions. In addition, the 
operator L has a number of interesting properties. For instance, it is easy to see 
that the operator L preserves both harmonicity and biharmonicity. Other basic 
properties of this operator are presented in [3]. 



Theorem D. [31 Corollary 1(3)] Let F be a univalent biharmonic function in D. If 
F is convex and L(F) is univalent, then L(F) is starlike. 

It is also important to recall that (see [3l Corollary 1(3)]) the operator L(F) for 
polyharmonic mappings behaves much like zf'(z) for analytic functions. From The- 
orem D, we see that it is meaningful to consider Landau's theorem for polyharmonic 
mappings of the form L(F), where F belongs to the class of polyharmonic mappings. 
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3. Main results 

We begin this section with some coefficient estimates for polyharmonic mappings. 
Theorem 1. Suppose that F is a polyharmonic mapping of the form 

p p oo 

(2) F(z) = a + Y, \z\ 2{k - 1 \h k (z)+~g^(z)) = a Q + £ \z\ 2 ^ ^{a n , k z n + b~&), 

k=l k=l n=l 

and all its non-zero coefficients a n ^ i; a n ^ 2 and b n ^ 3 , b n>ki satisfy the condition: 



(3) 



arg 


7T 

< — and 


are 


0-n,k3 


®"n,k2 


~ 2 




b n ,ki 



< 



(I) If F satisfies \F(z)\ < M for all zeB, then 

p oo 

(4) k| 2 + ]T^(|a„, fc r+|M 2 )<M 2 



k=l 71=1 



and \a n ^\ + \b n , k \ < \/2M for all coefficients. 

(II) If F satisfies \F(z)\ < M for all z G © and F(0) = \J F {0) \ -1 = 0, then 



(5) 



p oo 



X)X)(K*I + K.kl) 2 - (M + |foi,i|) 2 <Vm*=T-\ f (o), 



\ k=l n=l 

and \a nik \ + \b nik \ < T X (M) := minjv^M 2 - 2, V ' M A - 1 • A F (0)} /or a// (n, k) ± 
(1,1), where 

V2 



(6) 



Af(0) > A (M) := 



VM 2 - 1 + VM 2 + 1 
(III) If F satisfies \F(z)\ < M for allzeB and F(0) = X F (0) -1=0, then 



(7) 



p oo 



v E + \bn.k\Y - (l«i,il + |6i,i|) 2 < V2M 2 - 2, 

\ k=l n=l 



and |a„, fc | + |6» A | < V2M 2 - 2 /or a// (n, A;) ^ (1, 1). 



Proof. We first prove the inequality (jl]). A standard argument using Parseval's 
identity and the hypothesis that \F(re %e )\ < M, gives 

- / \F(re* 9 )\ 2 d6 



p oo 
„4(fc-l) 



| ao |2 + ^ r 4(*-l)^ ( | an)fc |2 + | fe ^| 



fc=l 



n=l 



+2Re 



r 



2(fci+fc 2 -2) 



,2?i 



l<fci<fc 2 <P 



n=l 



< M 2 . 
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Since F satisfies the condition (J3J), it follows that Re(a n ^ kl a n:k2 + b n>kl b ntk2 ) — f° r 
any ki, k 2 G {1, • ■ • ,p}. Let r — > 1~. We obtain that 



p oo 



N 2 + $^(k, fc | 2 + |& n . fc | 2 )<M 2 



k=l n=l 

which proves that the inequality (j3J) holds. By Cauchy's inequality, for any coefficient 

a n ,k, b n:k , we get 

(\a n , k \ + \b n>k \) 2 < 2(\a n , k \ 2 + \b n , k \ 2 ) < 2M 2 . 

That is \on,k\ + \b n ,k\ < V^M. 

Then, we prove the inequality ([5]). We have from (jlj) that 

p oo p 

,Jfe=l n=2 k =2 

(p oo p 
2 d a n,k\ 2 + \bn. k \ 2 ) + ^ 2 (K*! 2 + ^ 
k =l n=2 k =2 

<{2M 2 -2(\a 1)1 \ 2 + \b 1>1 \ 2 ))K 



It follows from © that |a n , fe | + |& n . fe | < a/2M 2 - 2 for (n, Jfe) ^ (1,1). Then 
if Jf(0) = 1, we get [<xx,x | = a/1 + |&i,i| 2 > 1- Thus we deduce from (jlj) that 



|6i,i| < a/^ 1 , M > 1. Hence 



2M 2 - 2(|a 1>1 | 2 + l^l 2 ) = y / 2M 2 -2(l + 2|b 1>1 | 2 )(|b 1 , 1 | + a/i + IViI 2 ) • A F (0). 
As in [2D] , by a straightforward calculation, we get 



Av /2M 2 -2(1 + 2|6 1 , 1 | 2 )(|6 1>1 | + a/i + IViI 2 ) < v/M^T, 

which proves that the inequality (0) holds, |a n> jfe| + \b n , k \ < V M 4 — 1 • A F (0) for 
(n, fc) 7^ (1, 1) and 

1 y/2 

X F (0) = loi.il - I^H = > 



VI + l^i,i| 2 + IM ~ VM 2 - 1 + VM 2 + 1 ' 



If Jf(0) = —1, we get I6i.il = a/1 + |«i,i| 2 > 1- Thus we deduce from (J1J) that 
|oi,i| < J^ 1 , M > 1. Hence 



2M 2 - 2(|a 1 , 1 | 2 + l^xl 2 ) = v /2M 2 -2(l + 2|a 1 , 1 | 2 )(|a 1 , 1 | + a/i + (a^l 2 ) • A F (0). 
As in the previous case, we get that 



2M 2 - 2(1 + 2|« ltl | 2 ) (|ai,i| + a/i + |ai,i| 2 ) < VM 4 - 1, 
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which proves that the inequality (j^J) holds, |a n) fc| + |6 n .fe| < V M 4 — 1 • Af(0) for 
(n, A;) ^ (1,1) and 

1 a/2 
Af(0) = |ai,i| - = — ===== — ■ > 



. 1+ Ki| 2 + Ki| ~ VM 2 - 1 + VM 2 + 1 

Next, we prove the inequality (Jj^). We have from Ap(0) = 1 1 «r,x I — |&i,i|| — 1 that 
l a i,i| 2 + |^i,i 1 2 > 1- Hence the inequality (jZJ) follows from (jHJ). □ 

From (JHD, we obtain the following two corollaries. 

Corollary 1. Suppose that F is a polyharmonic mapping of the form (j2J) and all 

its non-zero coefficients a n ^, a n ^ 2 and b n ^. A , b n ± 4 satisfy (jHJ). 
If F satisfies \F(z)\ < M for all z e B,then for all n e N* , 
v v p 

\a n ,k\, ^2 - and ^2(\ a ^k\ + \K,k\) < V%P~M. 

k=l k=l k=l 

In addition, if F(0) = 0, A_f(0) = 1 or |Jp(0)| = 1, then \a n> k\, \b n ,k\ — y/M 2 — 1 
and for n e N* \ {1} 

v v v 

I) < \ / 2p(M 2 — 1). 

fc=i fe=i fc=i 

Corollary 2. Suppose that F is a polyharmonic mapping of the form all its 
non-zero coefficients a n ^ x , a n ^ 2 and b n ^ z , b n ^ satisfy (j3J), F(0) = 0, \F(z)\ < 1 on 
D. 

(I) If Jjr(O) = 1, then F(z) = az, where \a\ = 1. And if Jp(0) = —1, i/jen 
F(z) = (3z, where = 1. 

(JJ) If Xp(0) = 1, then F(z) = 72 or F(z) = 72, where I7I = 1. 

Example 1. Let (3 = y/a = e ln ^ n and 



1 n_1 I r - tf 2 ^ 1 r - R 



2fc+l _ /P2fc+1 



fc=0 



where 



m=l 



n . nm 

sin , m — 1, n + 1, in + 1, • • 

nm n 

0, otherwise, 
n irm 

— sin , m = n — 1, 2n — 1, • • • 

7rm n 



0, otherwise, 

for n = 3, 4, • • • . T/ien / n zs univalent in B>, and maps D onto i/ie region inside the 
regular n-gon with vertices 1, a, ■ ■ ■ ,a n ~~ l (cf. [HI p. 59]/ Lei F (z) = f^{z) + 
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Figure 1. The images of © under f 3 (left) and F (right). See Ex- 
ample CD 

17i\z\ 2 f 3 (z) . Then \F \ < 18 in B>, and F satisfies the condition (j3J). Therefore, by 
OH) we obtain 

p oo 

^^(|an, fc | 2 + |Vfc| 2 ) < 324, 

k=l 71=1 

and |a n> fc| + |6 n> fc| < 18a/2 /or a// coefficients. See Figure\I\for the images of 3 under 
f 3 and F Q . 

Now, we establish a version of Landau's theorem for polyharmonic mappings. 

Theorem 2. Suppose that F is a polyharmonic mapping of the form (J2J) and all its 
non-zero coefficients a„,fc i; a n ^ 2 andb nt k 3 , b n ^ satisfy (|3J). 

# |F(z)| < M in B for some M > 1 and F(0) = |Jj?(0)| -1 = 0, taen F 
univalent in the disk D n and F(D ri ) contains a univalent disk D pi; where ri(M,p) 
is the least positive root of the following equation: 

and 

(p-l „ 2fc \ 

In particular, if \F(z)\ < 1 /or a// z e © and -F(O) = | Jp(0)| — 1 = 0, taen F is 
univalent and maps D onto D. 

Proof. Since i^(^) and i^(z) can be written as 

F 2 (z) = £ M 2(fc - 1} /4 W + - l)^k| 2(fc - 2) (h k (z) + ^(z)) , 

fe=l k=2 
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Ftf) = l*r (fc_1 V fc (*) + X> - ±)AA 2{k - 2) {h k {z) + g k (z)), 

k=l k=2 

then for any Z\ ^ z 2 , where Z\, z 2 E D r and r G (0, 1) is a constant, we have 



\F(z x ) - F(z 2 )\ 



I F z (z)dz + Fg{z)dz 



> 



F z (0)dz + F-(0)dz 



[21,-22] 



I (F z (z) - FM)dz + (F-(z) - F-(0))dz 

J \zt .Zo] 



[21,22] 

> J\ — J 2 — J3 — J4, 



where 



J3 :-- 



h[(0) dz + g[(0)dz 



[21,22] 



[21.22] 



(h' 1 (z)-h' l (0))dz+(g' 1 (z)-g' 1 (0))dz 



J[ziM k=1 k=l 
/ Yl k \A 2{k ~ 1] {h k+ i(z) + W^)) (zdz + zdz) 

J\zi,Zo] , 1 



First, we have the estimate for J 1( 



J x > I \ F (ti)\dz\ = \ F (G)\z 1 -z 2 \. 

J \z-\ ,m1 



Next, by Theorem [T] (II), we obtain |a ni fc| + |6 nj fc| < y/M 4 — 1 • X F (0) for (n, k) ^ 
(1,1). It follows that 



J2 < I iKiz) - h[(Q) \\dz\ + \g[(z)- g[(0)\\dz\ 
'[21,22] 

00 



< \z x - z 2 \Y^n(\a n<1 \ + |&n,i|)r n 1 

2r — r 2 



n=2 



< \z 1 -z 2 \VM*-l-\ F (0) 



(1 -r) 2 ' 



Landau's theorem for planar polyharmonic mappings 



and 



Js < I Eki 2fe i^ + i(^)ii^i+£Ni 2fe i^ + i(^)ii^i 

p—1 oo 

< \zi - z 2 \^2r 2k ^2n(\a n , k+1 \ + \b^ k+ i\)r r ' 

k=l n=l 



„n-l 



r 2k 



< \zi - z 2 \VM 4 - 1 • a f (o) ^2 jyz 

k=l ^ 



Finally, 



J a = 



Y^k\z\ 2 ^' 

ziM k=l 
p-i 



(h k +i(z) + gk+i(z)) (zdz + zdz) 
2 kr 2{k - 1] + I Wl) r n+1 \dz\ 

p— 1 oo 

< 2\ Zl ~z 2 \Y, kr 2 ^ (K*+il + \K,k+i\) r 

k=l n=l 

< 2\z 1 -z 2 \^/W^l■\ F (0)Y^ . 

1 — r 



„n+l 



fe=l 



Using these estimates, we obtain 



\F( Zl ) - F(z 2 )\ >J,-J 2 -J 3 -J 4 > \ F (0)\ Zl - Z2\1>(r), 



where 



1 



fe=l 



It is easy to see that the function ip(r) is strictly decreasing for r e (0, 1) and M > 1, 



lim i/j(r) = 1 and lim ift(r) = — oo. 



Hence there exists a unique ri G (0, 1) satisfying -0( r i) = 0. This implies that F is 
univalent in D ri . 
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By Theorem UK//), we see \a njk \ + \b n<k \ < VM 4 - 1 • X F (0) for all (n, k) ^ (1,1). 
Therefore, by ()6]), for any w in {w : \w\ = r±}, we obtain 



\F(w)-F(0)\ 



F z (z)dz + F-z(z)dz 



p-i 



> AF (o) ri _ ^(|a n>1 | + |6 nil |)r« - 2 ^(|a n ,* +1 | + \b n , k+1 \)r« 



n=2 



k=l n=l 



> A F (0)ri 1 - VM 4 - 1— VA^ 4 - 1 V -=^— 

\ 1 — ri f— f 1 — ri 

ri 



> A (M)n 1 - v/M 4 



fc=i 



1 — ri 



fe=l 



Pi- 



We also have 
Pl > A (M)r 1 



1 - VM 4 - 1 



2ri — ^ r\ h 



2 ^ J^f 
fe=i ^ 



0. 



If \F(z)\ < 1 for all z e © and F(0) = \J F (0)\- 1 = 0, then by Corollary [2] (I), we 
have F is univalent and maps D onto D. The proof of the theorem is complete. □ 



Corollary 3. Suppose that F is a polyharmonic mapping of the form (T5]) and all 
its non-zero coefficients a n ^, a n ^ 2 and b n ,k 3 , b n ,k 4 satisfy ([3]). 

If \F(z)\ < M in © for some M > 1 and F(0) = A F (0) - 1 = 0, then F is 
univalent in the disk © r2 and F(D r2 ) contains a univalent disk B p2 , where r2(M,p) 
is the least positive root of the following equation: 

^ (1 _ r)2 £(l-r)= t^-'-J 

and 

( r . P' 1 2r 2k \ 
1 - V2M 2 - 2—2- - V2M2-2V — . 

In particular, if \F(z)\ < 1 /or all z G © and -F(O) = A F (0) — 1=0, i/ien F is 
univalent and maps D onto D. 

Proof. The proof of this result is similar to Theorem (TJ where |a nj £;| + \b n ^\ < 
V2M 2 - 2 and A F (0) = 1 is used instead of |a n , fe | + \b n>h \ < VM 4 - 1 • A F (0) for all 
(n, k) 7^ (1, 1), and we omit it. □ 



Example 2. Let F 1 (z) = K{z) + \z 2 \G{z) = j^h{z) + ^i\z\ 2 f 3 (z) for z e D. 

Then F^O) = J Fl (Q) - 1 = A Fl (0) -1 = 0, 1^0)1 < M 1 := A^Stt and both \K\ 
and \G\ are bounded by M 2 : = f% . Then, by Corollary^ F x is univalent in the 
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disk D r3 and F(D r3 ) contains a univalent disk D P3 , where r 3 ph 0.01552 is the least 
positive root of the following equation: 

2r ^ r2 
x ^1 — r) 2 1 — r 

and 

r 3 + 2r| ' 



2 ^i 2 -2(7^-^ + 2-- =0, 



p 3 = r 3 ^1 - ^2M( - 2 ■ \_ r * ) ~ 0.00776, 

m/iife fry [SI Theorem 2], we see that F% is univalent in the disk D r4 and Fi(B r4 ) 
contains a univalent disk D p4; where r 4 f« 0.00041 zs i/ie /eas£ positive root of the 
following equation: 

7r 4M 2 r(2-r) 4M 2 r 2 _ 
4M2 _ 7r(l-r) 2 ~ tt(1 - r) 2 ~ 2 2r = °' 

and 

/ 7T 4M 2 r 4 4M 2 r 2 \ - 

p 4 = r 4 — 7- \ - 7- 2 4 , « 1.12385 x 10~ 5 . 

F4 V 4M 2 vr(l-r 4 ) 7r(l-r 4 )y 

Corollary 4. Suppose that F is a polyharmonic mapping of the form 

p p 00 

F(z) = MA 2{k - 1] G{z) = \A 2(k ' l) j^K*" + W> 

k=l k=l n=l 

where G(z) is nonconstant, Y7k=i ^ = 1 and X k G [0, 1] for all k G {1, • • • ,p}. If 
\F(z)\ < M in 3 for some M > 1 and \p(0) = 1, then F is univalent in the disk 
D rg; and F(D r5 ) contains a univalent disk Tt> P5 , where r 5 (M,p) is the least positive 
root of the following equation: 



and 



(1-rf . 

fc=i v 7 fc=i 



P5 = ^5 



1 _ T (M)j^— - T{M) 



k=l 



where T(M) := min {V2M 2 - 2, 4M} . 



Proof. Suppose that < M for all z G © and X)? =1 = 1. Then 

lim \F{re i9 )\ = lim |G(re ie )| < M. 

r— >1~ r— >1~ 

Since G(^) is harmonic and nonconstant, by the maximum principle, we have \G(z) \ < 
M in D. Lemma B and Theorem [1] (///) implies that 

\a n \ + \b n \ < T(M) = min |V2M 2 - 2, ~M j 

for all n > 1. By Corollary [31 we easily obtain the results. □ 

Now, we consider Landau's theorem for the mapping L(F), where F is polyhar- 
monic. 
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Theorem 3. Suppose that F is a polyharmonic mapping of the form (J2J) and all its 
non-zero coefficients a n ^ x , a n ^ 2 o>ndb n ^ 3 , b n ^ satisfy fl3]). 

If \F{z)\ < M in D for some M > 1 and F(0) = | Jp(0)| -1 = 0, then L(F) is 
univalent in the disk D r6 and F(U> ra ) contains a univalent disk B P6 , where r 6 (M, p) 
is the least positive root of the following equation: 



1 - VM 4 - 1 



2r - r 2 A 2r 2fc - x A (2k - l)r 2 ^-^ 



and 



(l_ r)2 ^(1-r) 
2r 6 - r\ 



3 ' ^ (1 -r) 2 



0. 



p 6 = A (M)r 6 1 - VM 4 -1 



P r 2(fc-l) 



(i - >■«)•• 



k=2 



(1 - r 6 )< 



In particular, if \F{z)\ < 1 for all z G © and F(0) = | J F (0)| -1 = 0, then L(F) 
is univalent and maps D onto D. 



Proof. Let 

ff(z) := L(F) = zF z (z) - ZF*(z) = £ \z\ 3 ^ (zh' k (z) - ig^z 

k=l 

Then H z (z) and H-(z) can be written as 

tf.(z) = h^ + zh'^ + j^im^h^ + zlz^hU 



k=2 



ik-l)z 2 \z\ 2 ^g' k (z)), 



and 



g[(z) +zg'{{z) + £ (fc^l^VtW +z\z\ 2 P- r > ! /l(z) 

k=2 

-{k-i)z 2 \z\ 2 ^h' k { Z )y 



Let r be a constant in (0, 1). For any distinct z 1} z 2 G D r , we have 



|tf(zi)-ffteO| 



/ H z (z)dz + H z (z)dz 
J [21,22] 



> 



J?*(0)dz + H-(0)dz 



21,22] 



/ - if,(0))dz + (ffe(z) - i?*(0))dl 



[21,22] 

> K x -K 2 -K?,-K^ 
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where 



K 2 :-- 
K 3 :-- 
K A :-- 



^(0) dz-g[(0)dz 



[21,22] 



[21,22] 



[ ^\z\^(zhl{z)dz-zg'l{z)dz) 
J k=1 v ' 

I f> ~ l)M 2(fc_2) Uh' k {z)dz - z^Jzjd; 

J[ziM k =2 



J2m 2ik - 1] (h' k (z)dz-g' k (z)dl 

[21,22] k=2 



First, observe the following estimate for K\\ 



K x > I X F (0)\dz\ = X F (0)\ Zl - z 2 \. 

[ziM 



Next, by Theorem □(//), we have \a nM \ + \b riyk \ < \/M A -l-\ F {0) for (n, k) ^ (1,1). 
Hence 



/oo 00 
na n ^\z n ~ x dz — nb n ^z n ~ 1 d~z 

00 

< \zi-z 2 \Y,<\a n ^\ + \b n ^\)r n - 1 

2r — r 2 



n=2 



< \z 1 -z 2 \VM±-l-\ F (0) 



(1 -r) 2 ' 



and 



K 3 < [zi-z^r^-VJ^^-VilanA + Kkiy 



n-l 



fe=l n=2 



2r 2 
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Finally, 
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/p oo 
J2(k - l)r 2 ^J2 n (M + \b n , k \)r n+1 \dz\ 
v"'±M k=2 n=l 
p oo 

^kr 2 ^Y,<M + \Kk\)r n - l \dz\ 

'i z ^M k=2 n=l 

p oo 

< \ Zl - z 2 \ j^(2k - l)r 2(fc - 1} n (M + KkW"- 1 

k=2 n=l 

< \ Zl - z 2 \VM* - 1 • X F (0) - 1)— - 



k=2 



(1-r) 



Using these estimates, we obtain 



\H( Zl ) - H(z 2 )\ >K X -K 2 -K Z -K A > X F (0)\ Zl - z 2 \<p(r), 



where 



/ 2r - r 2 >A 2r 2fc ~ 1 A (2k - lV 2 **" 1 ) 

It is easy to verify that ip(r) is a strictly decreasing function for r G (0, 1) and 
M > 1, 

lim (fi(r) = 1 and lim <p{r) = — oo. 

r->0+ r->l~ 

Hence there exists a unique r 6 e (0, 1) satisfying </?(r 6 ) = 0. This shows that 
is univalent in O r6 . 

Furthermore, for any w in {w : \w\ = r$}, 



\H(w)\ = 



^\w\^( w h> k { W )-wg> k {z)) 



k=l 



> 1^(0) -^(0)| - w(h' 1 (w)-h , 1 (0))-w(g' 1 (w)-g' 1 (0)) 



k=2 



> 



n=2 



fc=2 



n=l 
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By Theorem CD(i7), we see \a ntk \ + \b n , k \ < VM 4 - 1 • X F (0) for all (n,k) ^ (1,1). 



Therefore, we obtain 



V 2(fc-l) 



\H(w)\ > X F (0)r 6 1 - VW ^**_ ^ - ^MTTlJ^TTZ 

V ^ Tt °> k=2 ^ 



re) 



> A (M)r 6 1 - VM 4 - 1 



2r 6 - r\ 

(1 - r 6 y 



P 2(fc-l) 



k=2 



where Ao(M) is the same as in (jS]), and 

p 6 > A (M)r 6 



1 - VM 4 - 1 



2r 6 - r 2 ? ' 



l-r 8 



2r, 



2/c-l 
6 



fc=l 



^6 J 



^ (2fc- l)r, 



2(fc-l)' 
6 



fc=2 



(l-r 6 ) 2 



0. 



P6, 



If |F(z)| < 1 for all ^ G © and F(0) = |J F (0)| -1 = 0, then by Corollary [2] 
(/), we have L(F) is univalent and maps © onto D. The proof of the theorem is 
complete. □ 



Corollary 5. Suppose that F is a polyharmonic mapping of the form ([2]) and all 

its non-zero coefficients a n ^, a n ^ 2 and b n ^ z , b n ^ satisfy 

If \F{z)\ < M in D for some M > 1 and F(0) = X F (0) -1=0, then L{F) is 
univalent in the disk D r7 and F(lD rT ) contains a univalent disk U> P7 , where r 7 (M,p) 
is the least positive root of the following equation: 



, , 2r - r 2 ^ 2r 2fc - 1 ^ (2k - br 2 ^ 1 )' 



0, 



and 

P7 = r 7 



In particular, if \F(z)\ < 1 for all z G © and F(0) = A F (0) -1 = 0, then L(F) is 
univalent and maps D onto D. 

Example 3. Under the hypothesis of Example 2, and by Corollary 0, L(F\) is 
univalent in the disk D rg and Fi(D rg ) contains a univalent disk D pg , where r 8 
0.00798 is i/je /easi positive root of the following equation: 

Ar - 3r 2 + 3r 3 + 3r 4 - 3r 5 

and 



l- A /2M 2 -2 -—— = 0, 



p 8 = r 8 ( 1 - x /2Ml - 2 • ^ r ^_ ) « 0.00400, 
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while by [5J Theorem 1.1], we see that L(F{) is univalent in the disk D rg and F(D rg ) 
contains a univalent disk D pg , where r 9 m 0.00013 is the least positive root of the 
following equation: 

7T 6M 2 r 2 4Mr 3 16M 2 4M 2 r 

mi arctanr — — = 0, 



4M 2 (1-r) 2 (1-r) 3 tt 2 ' " (1 - r^ 3 

where mi ~ 6.05934 is i/ie minimum value of the function 

2 — x 2 + - arctan x 



x(l — x 2 ) 

for < x < 1 , and 



P9 = ^9 



/ n 2M 2 r 16M 2 \ „ B 

^7 5-^1 arctan r 9 « 1.48687 x 10~ 6 . 

V4M 2 l-r 9 2 7r 7 
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